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Abstract
We present two algorithms to construct C1-smooth models of skeletal structures from CT/NMR
voxel data. The boundary of the reconstructed models consist of a C1-continuous mesh of triangular
algebraic surface patches. One algorithm first constructs Cl-continuous piecewise conic contours
on each of the CT/NMR data slices and then uses piecewise triangular algebraic surface patches.
to C1 interpolate the contours on adjacent slices. The other algorithm works directly in voxel space
and replaces an initial CO triangular facet approximation of the model with a highly compressed
C1-continuous mesh of triangular algebraic surface patches. Both schemes are adaptive, yielding a
higher density of patches in regions of higher curvature.





Skeletal model reconstruction from voxel data has been an active research area for many years. Schu-
maker [15] presents an excellent survey of the wide range of techniques that have been utilized. Cu-
riously, and as he points out, the majority of the reconstruction techniques produce only planar CO
approximations of the data set. Relatively little has been achieved in constructing smooth skeletal
models using curved surface patches.
There are primarily two classes of model reconstruction techniques. One class of methods first
constructs planar contours in each CT jNMR data slice and then connects these contours by a trian-
gulation in three dimensional space. The triangulation process is complicated by the occurrence of
multiple contours on a data slice (i.e. branching). Early contributions here are by Keppel [8], Fuchs,
Kedem and Uselton [6]. The optimal algorithms due to Keppel, Fuchs et. al work by computing a
graph in which each node represents a spanning arc and each edge in the graph represents a triangle
defined uniquely by two spanning arcs that share a point. A shortest path algorithm is used to find
the path that corresponds to the triangulation of minimum weight. Instead of planar contours one
may compute a C 1 continuous piecewise curve approximation in each of the data slices. Examples of
such techniques are [14J using conic splines and [13J using parametric B-splines. The stack of contours
are then interpolated or least square approximated using piecewise tensor splines [10, llJ or nontensor
piecewise smooth surfaces [5].
The other class of methods uses a hierarchical subdivision of the voxel space to localize the tri-
angular approximation to small cubes [9J. This method takes care of branching, however the local
planar approximation based on the density values at the corner of the subcube may sometimes be
ambiguous. An extension of this scheme which computes a C1 piecewise quadratic approximation to
the data within subcubes is given in [12J
In this paper we present an algorithm belonging to each of the above classes, to construct C1_
smooth models of skeletal structures from CT jNMR voxel data. The boundary of the reconstructed
models consist of a C1-continuous mesh of triangular algebraic surface patches. For definitions and
basic manipulations of algebraic surfaces, the reader is referred to [2J. Section 2 describes the first al-
gorithm which starts by constructing C1-continuous piecewise conic contours on each of the CTjNMR
data slices and then uses piecewise triangular algebraic surface patches, of degree at most seven, to
C1 interpolate the contours on adjacent slices. Section 3 describes the other algorithm which works
directly in voxel space and replaces an initial CO triangular facet approximation of the model with
a highly compressed C1-continuous mesh of triangular algebraic surface patches, of degree at most
seven. Both schemes are adaptive, yielding a higher density of patches in regions of higher curvature.
2 Working with 2D Slices
Our first step is to compute a polygonal contour on each data slice. The raw voxel scan data is in
the form of a two dimensional array of two byte integers, one array for each planar slice through the
object. The value in each cell of the array is related to the density of the scanned object at that point
in space. Each array may contain any number of cross sections, i.e., each slice may cut the scanned
object in multiple places. To locate the cross sections within a two dimensional slice the following
simple algorithm is employed: (1) scan for a cell on an initial edge, (2) starting at this cell hug the
exterior of the cross section working from cell to cell and creating a list of two dimensional points until
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Figure 1: A regular subdivision of the space of normals on a planar contour
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the beginning is reached or a dead end is found, (3) if a dead end is found backtrack, (4) if the path
closes and the algorithm does not backtrack to the beginning point then smooth and compress the list
of points if necessary. In our implementation of this algorithm the following heuristic rule was used:
if the density value in a cell c is within range and if the density values of all the cells surrounding c
are within range, then the cell c is acceptable. The point list is smoothed and compressed by growing
segments that are within a predescribed constant value of the original polyline.
The next step is to compute a C1-continuous piecewise conic approximation of the polygonal
contour on selected data slices. The data slices are partitioned into groups such that the geometry of
the contours within a group is fairly homogeneous. Smaller sized groups are chosen for instance, around
skeletal regions of medical importance i.e. close to ligament attachments and where primary nerves
pass close to the bone. A single data slice is selected from each group. Any of the algorithms discussed
in [14] can be used to compute a C1-continuous piecewise conic approximation of the polygonal contour
on the selected data slices An alternate and perhaps simpler scheme for the placement of the conic
segments is as follows. The points on a unit circle are in one-to-one correspondence with the normal
directions, ( or alternatively the slopes) of the line segments which make up the polygonal contour.
Consider any regular k polygonal subdivision of a circle and number the k discrete normal directions
n of the polygon boundary with integers from 1 to k. See also Figure 1.
Now number each line segment of the contour boundary with the integer i if it has the largest dot
product of its normal with the i th normal of the regular polygon. Under this mapping the k discrete
normal directions on the circle partitions the polygonal contour on a data slice into groups where the
members of a group consist of a connected sequence of line segments having the same assigned number.
The endpoints of groups are the contour points whose two incident line segments have distinct assigned
numbers. At these contour points, normal vectors are assigned as the average of the normals of the
incident line segments. The line segments of each group are then replaced by a single conic which
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Cl-interpolates the group endpoints and the assigned normal vectors and simultaneously least-squares
approximates the contour line segments that originally formed the group. The Cl interpolation of
the pair of endpoints and assigned normal vectors imposes four linear constraints on the coefficients
of the conic leaving one degree of freedom for the least-squares approximation within in each group.
For details on efficiently computing such Cl interpolations see [3]. If the least-squares approximation
yields a poor error bound then additional conics can be used to achieve a better bound. This operation
is of course local to the the group and can be achieved by selectively refining the regular polygon edge
corresponding to that group, replacing that edge by two or more edges inscribed in the circular arc
subtended by that edge. The newly created normal directions are now mapped to the polygonal contour
splitting the group into sub-groups. Each sub-group can now be replaced by a conic, improving the
approximation.
Next, using a algorithm similar to the one in [6], the piecewise conic contours on adjacent selected
data slices are connected to form a network of triangular facets. The connections between adjacent
contours occur exactly at the end points of the conics. Each of these connections is a polynomial cubic
curve which Cl interpolates the end points and the assigned normal vectors, one endpoint each on
an adjacent contour. Here conics may not suffice as C 1 connecting curves since the assigned normal
vectors at the end points may induce an inflection point. Hence cubic curves are chosen. Notice
that this problem does not arise in the planar conic contour generation stage, where a pair of conics
can be substituted for such a similar pair of bad normals. See also [4] where necessary and sufficient
conditions on a pair of endpoints and assigned normal vectors have been derived for the existence of
a proper Cl interpolating conic.
Furthermore, for each triangular facet consisting of two cubic curves and one conic, specify a
quadratic variation of normals along the conic and a cubic variation of normals along the cubic curves.
See [4] for details of how this can be efficiently achieved. Finally, each triangular facet of curves and
specified normals is C 1 interpolated by an algebraic surface of degree at most seven, yielding a globally
Cl continuous mesh of triangular algebraic surface patches which model the skeletal structure. For
details on efficiently computing such Cl interpolations see [3]. The following Theorem proves why
degree seven algebraic surface patches suffice.
Theorem 2.1 At most 16n-11 linear constmints have to be satisfied by the coefficients of an algebraic
surface of degree n which C1 interpolates a triangle consisting of two cubic curves and one conic.
Proof: To Cl interpolate a conic curve requires 4n linear constraints, and to Cl interpolate a cubic
curve requires (6n - 1) linear constraints to be satisfied by the coefficients of an algebraic surface of
degree n [3]. For the triangle of two cubic curves and one conic, there are totally 4n+ 2(6n -1) = 16n - 2
independent constraints to be satisfied. However since the triangle vertex points and the specified
normals at those points are common between the curves, there are 9 dependencies amongst these
constraints. Hence the total number of independent linear constraints are no more than 16n - 11. ..
The minimum degree of the interpolating algebraic surface is 7, since there are 120 coefficients
(119 degrees of freedom) and the independent linear constraints are no more than 101, which results
in a family of interpolating surfaces with at least 18 degrees of freedom in selecting an instance surface
from the family. These degrees of freedom are chosen, (a) to least squares approximate the points
on the polygonal contours lying intermediate to the earlier selected data slices, and (b) to obtain a
single-sheeted surface patch.
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Figure 2: A regular subdivision of the space of normals on a closed solid object
3 Working Directly in Voxel Space
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Our first step is to compute a triangular approximation T of the surface of the entire skeletal object
in three dimensional space from the CT/NMR voxel data. Any of the algorithms, [6J which works
on an optimal triangular tiling of contours or [9] which works directly in voxel space, can be used for
this purpose. The modeled skeletal object is closed, enclosing finite volume, and so is the triangular
approximation T.
Next we compute a compact C1-continuous piecewise surface approximation of this closed trian-
gulation, where the large number of triangles of T are replaced by a small number of curved surface
patches. The placement of the triangular algebraic surface patches is computed by a generalization
of the curvature adaptive scheme of the previous section to three dimensions. The points on a unit
sphere are in one-to-one correspondence with the normal directions of the triangular faces which make
up T in three dimensions. Consider a regular icosahedron subdivision of a sphere. Number the 20
discrete normal directions n of the icosahedron boundary with integers from 1 to 20. See also Figure 2.
Now number each triangular face of T with the integer i if it has the smallest dot product of its
normal with the ith normal of the regular icosahedron. Under this mapping the 20 discrete normal
directions on the sphere partitions T into several groups where the members of a group consist of
a connected set of triangular faces having the same assigned number. The boundary separating the
groups are the sequence of edges of T whose two incident triangular faces have distinct assigned
numbers.
Next, we replace each group by a much smaller approximating set of fat triangles in a manner
that still preserves a closed triangulation i.e. there are no holes in the new triangulation 7i which
consists of these fat triangles. Consider the vertices of T which have three or more incident triangular
faces with distinct assigned numbers. These vertices partition the boundary edges of a group into
polygonal chains in space, such that each polygonal chain is common to exactly two adjacent groups.
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Each polygonal chain is replaced by a much smaller approximating set of line segments, preserving
the end vertices of the polygonal chain. See [7] where both heuristic and optimal algorithms are
discussed for achieving such linear approximations. After all polygonal chains of T are processed
in this manner we are left with a much smaller number of vertices and edges bounding the original
groups of T. These vertices and edges are part of the new triangulation Tt. Each new group is now
separately triangulated by choosing non-intersecting diagonal edges joining vertices on the boundary
of that group. The triangulation of the groups yield all the fat triangles of the new triangulation Tt.
Now, replace each face of the new triangulation Tt by a curved surface patch in the following
manner. At the vertex points of 1i, normal vectors are assigned as the average of the normals of
the incident triangular faces. This provides a particular tangent plane for all patches which shall Cl
interpolate that vertex. Next, construct a curvilinear wire frame by replacing each edge of Tt with
a cubic curve which Cl interpolates the end points of the edge and the specified "normals". Any
remaining degrees of freedom of the C1 interpolatory curve are used to least-squares approximate all
the orginal vertices of T which were replaced by the single edge of Tt. See [3] for details of how this
can be efficiently achieved. Specify a cubic variation of normal vectors along each of the new cubic
edge curves. See [4] for details of how this can be efficiently achieved. This specifies the tangent planes
for the two incident patches which shall C1 interpolate the edge curves. Finally, Cl interpolate the
three edge curves and curve normals of each face by a degree seven algebraic surface. The following
Theorem proves why degree seven algebraic surface patches suffice.
Theorem 3.1 At most 18n-12 linear constmints have to be satisfied by the coefficients of an algebraic
surface of degree n which Cl interpolates a triangle consisting of three cubic curves.
Proof. To Cl interpolate a cubic curve requires (6n - 1) linear constraints to be satisfied by the
coefficients of an algebraic surface of degree n [3]. For the triangle of cubic curves, there are thus
totally 3(6n - 1) = 18n - 3 independent constraints to be satisfied. However since the triangle
vertex points and the specified normals at those points are common between the curves, there are 9
dependencies amongst these constraints. Hence the total number of independent linear constraints are
no more than 18n - 12.•
The minimum degree of the interpolating algebraic surface is 7, since there are 120 coefficients
(119 degrees of freedom) and the independent linear constraints are no more than 114, which results
in a family of interpolating surfaces with at least 5 degrees of freedom in selecting an instance surface
from the family. These degrees of freedom for each individual patch are chosen, (a) to least square
approximate all the triangles in the original group of T, and (b) to obtain a single-sheeted surface
patch. The resulting surface patches yield a globally C1 smooth curved model of the skeletal object
whose triangular approximation T was constructed from the voxel data.
4 Implementation
All the above algorithms have been implemented in SHASTRA, a distributed and collaborative
design environment [1]. The SHASTRA environment currently consists of three indpendent toolkit
processes, VAIDAK, SHILP and GANITH, which communicate and share data structures and algo-
rithms via UNIX inter process communication. The planar surface reconstruction from image data
is performed in the VAIDAK medical imaging and model reconstruction toolkit. The smooth surface
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Figure 3: Smooth Models of Parts of the Human Anatomy
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fitting is accomplished in the SHILP solid modeling and display toolkit which additionally makes re-
mote procedure calls to the GANITH polynomial and power series manipulation toolkit, for the curve
and surface Cl interpolation and least-squares approximations.
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